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The entanglement entropies in ground states of typical condensed matter systems obey area and
log-area laws. In contrast, subsystem entropies in random and thermal states are extensive, i.e., obey
a volume law. For energy eigenstates, one expects a crossover from the groundstate scaling at low
energies and small subsystem sizes to the extensive scaling at high energies and large subsystem sizes.
We elucidate this crossover. Due to eigenstate thermalization (ETH), the eigenstate entanglement
can be related to subsystem entropies in thermodynamic ensembles. For one-dimensional critical
systems, the universal crossover function follows from conformal field theory (CFT) and can be
adapted to better capture nonlinear dispersion. For critical fermions in two dimensions, we obtain a
crossover function by employing the 1+1d CFT result for contributions from lines perpendicular to
the Fermi surface. Scaling functions for gapped systems, additionally depend on a mass parameter.
Using ETH, we also easily obtain the distribution function for eigenstate entanglement. The results
are demonstrated numerically for quadratic fermionic systems, finding excellent data collapse to the
scaling functions.
I. INTRODUCTION
For a bipartite system in a pure state |ψ〉 ∈ HA⊗HB,
quantum non-locality can be quantified by the entangle-
ment entropy
S = −Tr %ˆA log %ˆA, (1)
where %ˆA = TrB |ψ〉〈ψ| is the reduced density matrix.
Asymptotically, S gives the number of qubits needed for
a faithful compression of a stream of states sampled from
%ˆA [1, 2]. It also quantifies the number of Bell pairs
per copy of |ψ〉 in entanglement distillation and dilution
[3, 4].
The study of entanglement entropy in ground states of
condensed matter systems has a long tradition. Specifi-
cally, consider the entanglement of a compact subsystem
A of linear size ` with the (infinite) rest B of the sys-
tem [5]. The groundstate entanglement entropy in typ-
ical gapped systems in d dimensions obeys an area law
Sgs ∝ `d−1 [6–12]. Intuitively, only the vicinity of the
boundary between A and B contributes to Sgs due to the
finite correlation length induced by the gap. In critical
systems, the correlation length diverges and the scaling
of Sgs depends on the dimension d and particle statistics.
Critical 1d systems are usually captured by CFT, giving
Sgs ∝ log ` [6, 8, 13–17]. For critical fermionic systems
with a (d − 1)-dimensional Fermi surface, Sgs generally
obeys a log-area law [18–21]
Sgs ∝ `d−1 log `. (2)
For critical bosonic systems in d > 1 dimensions, Sgs still
obeys the area law [6, 13, 20, 22]. See Refs. [23–25] for
reviews.
In this paper we address the long-standing question
about the transition of eigenstate entanglement from the
groundstate scaling to an extensive scaling S ∝ `d at
higher energies. Previous work established (log-)area
laws and subleading corrections for states with few-
particle excitations (vanishing excitation-energy density)
[26–31] and for special (rare) excited states which are
often ground states of other Hamiltonians [26, 32]. For
broad classes of highly excited states, the entanglement
volume law has been found in Refs. [32–35]. Extensive
scaling of the average eigenstate entanglement was shown
in Refs. [36–40]. Here, we show that eigenstate ther-
malization (ETH) [41–48] can be used to obtain scal-
ing functions that capture the full crossover from the
ground state. For critical 1d systems the universal result
follows from conformal field theory (CFT). For higher-
dimensional fermionic systems, crossover functions are
derived by decomposing the Brillouin zone into lines. In
addition, we discuss the scaling in gapped systems, the
eigenstate entanglement distribution, and demonstrate
the results with numerics for quadratic fermionic sys-
tems.
II. ETH AND EXCITED-STATE
ENTANGLEMENT
According to the ETH, local expectation values of all
or at least the majority of all energy eigenstates approach
those of corresponding microcanonical ensembles with
the same energy [49]. Deviations decrease with increas-
ing system size. The two cases are referred to as strong
ETH and weak ETH [44, 46, 50]. While the original no-
tion of ETH concerns the convergence to thermal expec-
tation values in dynamics, the essential hypothesis is in
fact about the local features of the eigenstates. ETH
is closely related to quantum typicality [51–53] which
applies beyond energy constraints. ETH implies that
the entanglement entropies of excited states are basically
given by the subsystem entropies of corresponding ther-
modynamic ensembles and that deviations vanish in the
thermodynamical limit.
While strong ETH is difficult to establish in a general
way, weak ETH [44, 54, 55] can be understood rather
easily: Consider an observable Oˆ with finite spatial sup-
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2port and the microcanonical ensemble D−1
∑
n |En〉〈En|
for a small energy window E−∆E ≤ En ≤ E containing
D energy eigenstates |En〉. The weak ETH bounds the
variance
∆O2eth = D
−1∑
n
(〈En|Oˆ|En〉 − 〈Oˆ〉mc)2 ≤ ∆O2mc (3)
for deviations between eigenstate and microcanoni-
cal expectation values. The inequality, follows from
〈En|Oˆ|En〉2 ≤ 〈En|Oˆ2|En〉. For a translation-invariant
system, |En〉 can be chosen as momentum eigenstates
and we can replace Oˆ by the sum Oˆ′ := 1N
∑N
i=1 Oˆi over
all lattice translates Oˆi of Oˆ without changing matrix
elements in Eq. (3). This yields
∆O2eth ≤ ∆O′2mc =
1
N2
∑
i,j
(〈OˆiOˆj〉 − 〈Oˆi〉〈Oˆj〉)mc. (4)
Then, if connected correlation functions decay exponen-
tially, or according to a sufficiently fast power law, ∆O2eth
vanishes in the thermodynamic limit N →∞.
Due to the equivalence of thermodynamic ensembles
for large systems [56–59], we can also use other canon-
ical ensembles. We will use the grand-canonical ensem-
ble (GCE) %ˆgc with temperature and chemical potential
chosen to match the energy and particle number of the
energy eigenstates, i.e.,
%ˆgc = e
−β(Hˆ−µNˆ)/Z with 〈Hˆ〉gc = E, 〈Nˆ〉gc = N. (5)
Entanglement entropies of typical eigenstates should be
very close to subsystem entropies of the GCE and, hence,
become extensive for large subsystems
S(`, E)
typical≈ Sgc(`, β) `ξ−−−→ `d sth(β), (6)
where sth(β) denotes the thermodynamic entropy den-
sity. More specifically, S should crossover from the exten-
sive scaling at large ` to the groundstate scaling at small
`. This is due to a resolution problem and can be un-
derstood easily for non-interacting translation-invariant
systems. In that case, energy eigenstates are character-
ized by occupation numbers of Bloch states. Probing
an excited state locally on a subsystem of linear size
` limits momentum resolution to ∼ 1/`, and the cor-
respondingly coarse-grained momentum distribution of
low-energy states is very similar to that of the ground
state. The crossover length `c increases with decreasing
energy (β−1).
III. CROSSOVER IN CRITICAL 1D SYSTEMS
For critical systems with a linear dispersion at low en-
ergies, there is just a single energy scale – the tempera-
ture β−1 in Eq. (5). We should hence expect a univer-
sal form for the subsystem entanglement entropy, when
rescaling ` by β. For the simplest case, of critical 1d
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FIG. 1. Entanglement entropies of randomly sampled eigen-
states of a tight-binding chain with half filling (µ = 0),
system size L ≈ 4 × 106, excitation energy densities e :=
(E − Egs)/|Egs|, and window size ∆E = 1. The main plot
shows the data collapse to the crossover function (8). The
inset asserts the validity of the ETH by comparison to GCE
subsystem entropies (lines).
systems, the GCE subsystem entropy can be computed
using 1+1d CFT with the replica trick and analytic con-
tinuation [8, 60]. One obtains
Scftgc =
c
3
log
[
βv
pia
sinh
(
pi`
βv
)]
+ c′ (7)
with the central charge c, group velocity v, ultraviolet
cutoff 1/a, and a nonuniversal constant c′. For small
subsystem size ` or temperature β−1, one recovers the
log-area law c3 log(`/a) [Eq. (2)] as motivated above with
the resolution problem. The crossover to extensive scal-
ing S ∼ c3`/`c occurs at `c = βv/pi and the universal
scaling function is simply the leading term in
Scftgc =
c
3
log(sinh `/`c) +O(`0). (8)
To confirm this numerically, we sample energy eigen-
states from windows of small width ∆E around ener-
gies E. In each update, occupation numbers nk and
nk′ for two randomly chosen wave vectors are swapped
if the energy stays in the predefined window such that
the particle number N =
∑
k nk is fixed. The eigen-
states are Gaussian states and, according to Wick’s
theorem [61], fully characterized by the single-particle
Green’s function Gi,j := 〈cˆ†i cˆj〉. The entanglement en-
tropy is obtained by diagonalization of Gi,j restricted
to i, j ∈ A. With the eigenvalues νq one has SA =
−∑q [νq log νq + (1− νq) log(1− νq)]. Fig. 1 shows the
results for a long tight-binding chain Hˆ = −∑i(cˆ†i cˆi+1 +
h.c.) at half filling. The variances of the sampled SA
are much smaller than the symbol sizes. The inset as-
serts perfect agreement with the corresponding GCE sub-
system entropies. The main plot shows the data col-
lapse to the crossover function (8) after subtraction of
3Γ
∂Γ
nk
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FIG. 2. (a) Fermi surfaces ∂Γ for the 2d tight-binding model
(12) with fillings 1
4
, 1
2
, and 3
4
. (b) Real-space bipartition and
chord lengths `x,k for direction nk.
C1d(β) :=
c
3 log(βv/pia) and proper rescaling of ` with
β = β(E).
IV. CRITICAL FERMIONS IN d > 1
For higher-dimensional critical systems it is more com-
plex to extract crossover functions. Let us first discuss
translation-invariant systems of non-interacting fermions
with a (d−1)-dimensional Fermi surface. Employing the
Widom conjecture [62], Gioev and Klich found the coef-
ficient in the log-area law (2) for the groundstate entan-
glement as an integral over the Fermi surface ∂Γ and the
surface ∂A of the subsystem [19, 63]. To leading order,
Sgs(`) =
log `
12
∫
∂A
∫
∂Γ
dAxdAk
(2pi)d−1
|nx · nk| (9)
with the normal vectors nx and nk on the boundary ∂A
and on the Fermi surface as indicated in Fig. 2. Swingle
proposed to interpret Eq. (9) as an integral over entan-
glement contributions of lines perpendicular to the Fermi
surface [64, 65].
For the case of finite temperatures, we need to adapt
the argument and involve the chord length as indicated
in Fig. 2b to correctly capture all temperature scales:
First consider the trivial example of uncoupled critical
1d chains oriented in a fixed direction nk with density
ρ⊥ in the perpendicular direction. To get the entangle-
ment of a subsystem A we simply need to add the con-
tributions from all chains. For convex A and the contin-
uum limit, this gives SA = ρ⊥2
∫
∂A dAx |nx·nk|S1d(`x,k),
where ρ⊥|nx ·nk| is the density of chains piercing ∂A at
point x and `x,k is the chord length across A in direc-
tion nk (see Fig. 2b). We want to reduce the case of
true d-dimensional systems with couplings in all direc-
tions to that of isolated chains as follows. Consider a
patch P of size ∆kd−1 around k ∈ ∂Γ on the Fermi sur-
face and group wave vectors around that point in terms
of lines in direction nk as indicated in Fig. 2a. We know
that, at sufficiently low temperatures, modes far away
from the Fermi surface are irrelevant for the long-range
physics and can be disregarded. The dispersion is linear
in direction nk, corresponding to chiral fermions, but the
dispersion is flat in the perpendicular directions. Let us
parametrize these directions by k‖ and k⊥. Due to the
flat dispersion with respect to k⊥, any unitary transfor-
mation (basis change) among the single-particle states
corresponding to k⊥ ∈ P does not generate any cou-
pling of these modes. In particular, we can use this to
transform to single-particle states that are spatially lo-
calized around points with spacings ∆y = 2pi/∆k in the
(d − 1)-dimensional perpendicular plane. A subsequent
inverse Fourier transform with respect to k‖ then yields
uncoupled chains in direction nk and density 1/∆y in the
directions perpendicular to nk. This is the situation we
considered initially with ρ⊥ = 1/∆yd−1, and we hence
know how patch P contributes to the subsystem entropy.
For S1d(`x,k) we can plug in the finite-temperature CFT
result (7), where we substitute ` by the chord length `x,k
and use c = 1/2 because of chirality. Finally, we need
to integrate over the entire Fermi surface to take into
account the contributions from all patches, resulting to
leading order in the subsystem entropy
1
12
∫
∂A
∫
∂Γ
dAxdAk
(2pi)d−1
|nx · nk| log
[
βvk
pia
sinh
(
pi`x,k
βvk
)]
,
(10)
where vk is the Fermi velocity at point k ∈ ∂Γ. This
formula for the subsystem entropy is quite remarkable.
For zero temperature, we recover the groundstate re-
sult (9). For large subsystems, the logarithm approaches
pi`x,k/βvk such that the integral over ∂A gives the sub-
system volume volA and we are left with
1
12
volA
∫
∂Γ
dAk
(2pi)d−1
pi
βvk
=
pi2g(µ)
3β
volA. (11)
This is the well-known extensive thermodynamic entropy
due to the Sommerfeld expansion with the density of
states g(µ) at the Fermi energy. Further, if we move the
β factor in the logarithm of Eq. (10) to a subleading area
law term and replace `x,k ≡ ` ·λx,k, where volA =: `d as
before, the leading order term of S/`d−1 is just a func-
tion of `/β, and the shapes of A and the Fermi surface.
In this way, we obtain the desired scaling function for
the crossover from groundstate to extensive subsystem
entropies.
It is highly non-trivial to make the arguments leading
to Eq. (10) totally rigorous. The limit `, β →∞ has been
captured using the theory of semiclassical trace formulas
[66–69]. Eq. (10) should be treated as a conjecture. Our
numerical tests in Fig. 3 show however that it is very pre-
cise for all ` and β. The figure shows the data collapse of
sampled eigenstate entanglement to the scaling function
for fermions on the square lattice,
Hˆ = −
∑
〈i,j〉
(cˆ†i cˆj + h.c.)− µ
∑
i
cˆ†i cˆi (12)
with quarter filling at zero temperature. Deviations
at large `/β are due to the finite band width of the
model, i.e., the fact that the dispersion is not linear at
higher energies, differing from the assumptions of CFT.
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FIG. 3. Eigenstate entanglement entropies for the criti-
cal 2d model (12) with quarter filling at zero temperature
(µ ≈ −1.44), system size 4096 × 4096, and various excita-
tion energy densities e. The subtracted subleading area term
C2d(β) [Eq. (B1)] corresponds to the factor β/pia in the log-
arithm of Eq. (10) with β = β(e).
The inset shows that this can be fixed by replacing β
in Eq. (10) by βeff. Specifically, we define an effective
temperature by matching the exact thermodynamic en-
tropy density and the large-` limit (11) of Eq. (10), i.e.,
sth(β) =: pi
2g(µ)/3βeff(β) such that βeff(β) → β at low
temperatures. The substitution guarantees that Eq. (10)
reproduces the correct thermodynamic entropy density
at large `/β and, in a sense, straightens the dispersion
relation. If vk is zero at some points on the Fermi sur-
face, CFT and Eq. (10) are not applicable. But the de-
scribed rescaling procedure still works as we demonstrate
in Appendix B for the model (12) at half filling.
As pointed out by Swingle [64, 65], the decomposition
into gapless 1d systems should also be applicable to Fermi
liquids because the quasi-particle lifetime diverges when
approaching the Fermi surface.
V. CROSSOVER IN GAPPED SYSTEMS
If one adds a mass term to a critical theory, the result-
ing gap ∼ m represents an additional energy scale. At
zero temperature, the entanglement entropy should then
be determined by a function of m` and this has indeed
be confirmed for several cases [70–75]. The entanglement
entropy for excited states of gapped system is rarely stud-
ied [34] and, to our knowledge, the crossover from area
law to extensive scaling and its universal properties have
not been accessed.
When the total system gets sufficiently large com-
pared to the considered subsystem, the entanglement
entropies of (almost all) energy eigenstates converge to
the subsystem entropy of the corresponding GCE due
to ETH. These subsystem entropies are, in principle,
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FIG. 4. Subsystem entropies Sgc(`, β) in the staggered tight-
binding chain (13) with half filling (µ = 0), mass m, and
L ≈ 106. We only use odd subsystem sizes ` because of odd-
even effects. Here, lines are just guides to the eye.
functions of subsystem size `, mass m, and β. How-
ever, we expect that it can be captured in terms of a
scaling function that only depends on the parameters
m` and mβ, characterizing the full crossover behavior.
For fermionic systems, in particular, it follows a log-area
law as in Eq. (2) for m`  min(1,mβ) and a volume
law for m`  min(1,mβ). Moreover, at low tempera-
tures, mβ  1, one has the typical behavior of ther-
mally activated excitations, and the growth of the en-
tropy density sth in Eq. (6) as a function of tempera-
ture changes from exponential to linear at mβ ∼ 1. As
a simple example consider massive Dirac fermions, i.e.,
the energy-momentum relation εk =
√
m2 + (vk)2. The
scaling form is most easily exemplified for the volume-law
regime: The thermodynamic entropy is
Sth = −(`/2pi)d
∫
ddk [fk log fk + (1− fk) log(1− fk)]
with the Fermi-Dirac distribution fk = 1/
(
1 + eβεk
)
.
Upon the substitution q := vk/m, the integral becomes a
function of mβ and the prefactor of m` only as predicted.
Figure 4 shows the data collapse of GCE subsystem
entropies to the two-parameter scaling function for the
staggered tight-binding chain
Hˆ = −
∑
i
(
tcˆ†2i−1cˆ2i + t
′cˆ†2icˆ2i+1 + h.c.
)
(13)
at half filling. The dispersion relation is
εk = ±
√
t2 + t′2 + 2tt′ cos k ≈ ±
√
m2 + (vp)2 (14)
with mass m = |t−t′|, v = √tt′, and small p = k−pi. The
inset displays scaled entropy densities sth which show the
thermally activated exponential behavior at low temper-
atures mβ  1 and linear scaling for higher temperature.
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FIG. 5. Confirmation that ETH is applicable for the description of eigenstate entanglement entropies in the fermionic tight-
binding models. Points are averaged entanglement entropies for randomly sampled eigenstates in energy windows of size ∆E = 1
with excitation energy density e. Standard deviations are smaller than the symbol sizes. Lines show the subsystem entropy in
the corresponding GCE with 〈Hˆ〉gc = E and chemical potential µ. (a) 1d system at half filling (µ = 0) and size L ≈ 4 × 106.
(b) 2d square lattice with quarter filling at zero temperature (µ ≈ −1.44) and size 4096× 4096. (c) 2d square lattice with half
filling (µ = 0) and size 4096× 4096.
VI. ENTANGLEMENT DISTRIBUTION
Recently, some interesting results were derived for the
entanglement entropy averaged over all energy eigen-
states [36–40]. In particular, bounds on the average en-
tanglement for chaotic local Hamiltonians and quadratic
fermionic systems were given. As long as one only consid-
ers the case of small subsystems and is willing to accept
the (weak) ETH, which holds quite generally as discussed
above, we can get much more – the entire distribution of
eigenstate entanglement. We have shown that the eigen-
state entanglement entropies are given by rather univer-
sal crossover functions. To obtain the entanglement dis-
tribution, we only need to multiply these with the many-
body density of states. For many purposes the latter can
be approximated by a Gaussian that describes well the
bulk of the spectrum.
From this, properties of the average entanglement fol-
low rather easily. For example, Ref. [36] addresses for
noninteracting translation-invariant fermions how the av-
erage entanglement between a subsystem of fixed size
`d converges to the maximum 〈S〉 = `d in the ther-
modynamic limit. This can also be explained as fol-
lows. With the same arguments as in the derivation for
the weak ETH in Sec. II, we can bound the deviation
of expectation values 〈En|Oˆ|En〉 of a local observable
from the infinite temperature value 〈Oˆ〉∞ = Tr(Oˆ)/D,
averaged over all energy eigenstates, by ∆O2avg :=
D−1
∑
n
(〈En|Oˆ|En〉 − 〈Oˆ〉∞)2 ≤ ∆O2∞, where D =
dimH. And ∆O∞ decays with O(N−1/2) in the ther-
modynamic limit N → ∞. Hence, almost all energy
eigenstates (up to an exponentially small subset) look
locally like the infinite temperature ensemble and their
entanglement entropies are maximal.
VII. DISCUSSION
In conclusion, ETH can be employed to understand the
full crossover of eigenstate entanglement entropies from
the groundstate scaling at small subsystem sizes and low
energies to the extensive scaling at large sizes and higher
energies. For sufficiently large systems, one gets a very
narrow distribution for the entanglement of eigenstates
from a small energy window, located at the subsystem
entropy of corresponding thermodynamic ensembles –
also in integrable systems. For critical 1d systems and
fermions in d > 1 dimensions, analytic forms for the one-
parameter scaling functions were given and numerically
confirmed. These results generalize immediately to Re´nyi
entanglement entropies and can, for example, be used
to derive upper bounds on computation costs in tensor
network simulations [76, 77]. It will also be valuable to
derive explicit crossover functions for eigenstate entan-
glement in specific lattice models and field theories simi-
lar to efforts on groundstate entanglement. This may be
especially interesting for mass-perturbed systems, where
the scaling functions have two parameters. The accuracy
of the d > 1 scaling function for fermions (10) suggests an
extension of the famous Widom formula for groundstate
entanglement to finite temperatures.
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Appendix A: Assertion of the ETH for critical
fermions
Figure 5 confirms the applicability of the ETH for the
description of eigenstate entanglement entropies in the
fermionic tight-binding models in one and two dimen-
sions with V lattice sites. Points are averaged entan-
61d, µ = 0 2d, µ ≈ −1.44 2d, µ = 0
e β β βeff/β N/V β βeff/β
1 0 0 n.a. 0.5 0 n.a.
2−1 0.715 0.384 1.765 0.3806 0.467 5.44
2−2 1.327 0.768 1.146 0.3185 0.916 3.56
2−3 1.975 1.231 0.976 0.2862 1.472 2.95
2−4 2.751 1.811 0.928 0.2690 2.245 2.60
2−5 3.776 2.562 0.933 0.2596 3.374 2.33
2−6 5.228 3.583 0.956 0.2547 5.034 2.12
2−7 7.319 5.021 0.978 0.2523 7.472 1.95
2−8 10.30 7.066 0.990 0.2511 11.04 1.80
2−9 14.54 9.962 0.995 0.2506 16.25 1.67
2−10 20.54 14.05 0.998 0.2503 23.84 1.56
2−11 29.03 19.79 0.999 0.2501 34.88 1.47
2−12 41.07 27.75 0.999 0.2501 50.94 1.39
2−13 58.11 38.74 1.000 0.2500 74.13 1.31
2−14 81.96 53.27 1.000 0.2500 108.0 1.25
2−15 116.2 71.53 1.000 0.2500 156.5 1.19
2−19 476.8 143.1 1 0.2500 667.6 1
TABLE I. Energies E and corresponding inverse GCE tem-
peratures β = β(E) in the fermionic 1d and 2d tight-binding
models with chemical potential µ. Energies are characterized
by the excitation energy density e = (E − Egs)/|Egs|. For
the 2d system with µ ≈ −1.44, chosen to have quarter-filling
at zero temperature, we also specify the corresponding filling
factors N/V .
glement entropies for randomly sampled eigenstates in
energy windows of size ∆E = 1 with excitation energy
density e = (E − Egs)/|Egs|.
The energy eigenstates are characterized by the occu-
pation numbers {nk} of Bloch states. In each update dur-
ing the sampling algorithm, occupation numbers nk and
nk′ for two randomly chosen wave vectors are swapped
if the energy stays in the predefined window. For each
energy E, the sampling was done for 16000V iterations
and entanglement entropies were computed every 16V
iterations. The results are well converged. Standard de-
viations are smaller than the symbol sizes. Lines in the
figure show the subsystem entropy in the corresponding
GCE with β = β(E) such that 〈Hˆ〉gc = E, and chemical
potential µ. Particle numbers for the eigenstates were
chosen to match the GCE expectation value N = 〈Nˆ〉gc.
Due to the particle-hole symmetry, N = V/2 for all β
at µ = 0. The figure asserts agreement of the eigenstate
entanglement with the GCE subsystem entropies.
Table I shows the relation between excitation energy
densities and temperatures of the corresponding GCE for
the fermionic tight-binding models in 1d and 2d. For 2d
with quarter filling at zero temperature (µ ≈ −1.44),
the table also shows the temperature-dependent filling
factor. For the 2d systems, the effective temperatures,
introduced to compensate for the nonlinearity of the dis-
persion relation are given as well. They converge to the
“bare” temperature β−1 in the low-energy regime.
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FIG. 6. Eigenstate entanglement entropies for the critical 2d
model (12) at half filling (µ = 0) with system size 4096×4096,
and various excitation energy densities e. Deviations from the
scaling function at large `/β are due to the finite band width
and can be removed by using instead the effective temperature
β−1eff as shown in the inset.
Appendix B: Entanglement crossover for 2d
fermions at half filling
The Fermi surface ∂Γ for the 2d tight-binding model
(12) at half filling is shown in Fig. 2a. In this case, the
Fermi velocity vk vanishes at the points k = (0,±pi) and
(±pi, 0) where the Fermi surface touches the Brillouin
zone boundary. Consequently, CFT and Eq. (10) are not
applicable. But the described rescaling procedure works
nevertheless as shown in Fig. 6. As for the case without
vanishing vk, we subtract from the entanglement entropy
SA of the sampled energy-E eigenstates the subleading
area term
C2d(β) =
1
12
∫
∂A
∫
∂Γ
dAxdAk
(2pi)d−1
|nx · nk| log(β/pia),
(B1)
corresponding to the factor β/pia in the logarithm of
Eq. (10), and we plot the result as functions of `/β with
β = β(E). The data for different energies E, clearly
collapses to a scaling function.
Deviations from the scaling function at larger `/β are
due to the nonlinearity of the dispersion. They can again
be removed by using C2d(βeff) instead of C2d(β) and plot-
ting against `/βeff instead of `/β as shown in the inset
of Fig. 6. At low temperatures, the thermodynamic en-
tropy density sth is linear in the temperature β
−1. We
use that regime to determine σth in sth = σth/β+O(β−2)
and define the effective temperature β−1eff through
sth(β) =: σth/βeff(β) (B2)
for all temperature scales. As before, βeff(β)→ β at low
temperatures. See Table I for the relation between E, β,
and βeff.
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